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Abstract. By considering matter as a constraint on the availability of gravitational degrees
of freedom and accounting for the statistical interpretation of Rindler horizons, the freedom to
construct quantum gravity theories reproducing General Relativity and Quantum Field Theory
(QFT) as special cases is considerably reduced. On one hand, the mathematical structure of
quantum gravity is restricted by the properties of Quantum Mechanics. On the other hand, one
can predict a value for the fundamental quantum constant of gravity which is related to the
Planck area via the Planck constant. These findings are compatible with spin-less particles of
matter. In the context of canonical ensemble statistics, the von Neumann entropy concept is
found to extend from matter to gravity. An important motivation and pillar for this development
is the concept of multiple observer statistics and the total entropy perceived by Rindler observers
with a particular spacing, which has a one-to-one correspondence to the Gibbons-Hawking-York
boundary term.
1. Introduction
So far, experimental evidence is lacking of which of the approaches to quantum gravity (if any)
should be applicable. Because of its smallness, the value of the fundamental constant of quantum
gravity is also unknown. However, there might be some profound relation between gravity and
matter. This possibility has received little attention in the past, but could help reduce the
realm of admissible theories. We shall consider here matter as a constraint which restricts the
gravitational degrees of freedom. The goal of this article is to focus on a gravity-matter relation
instead of quantising some set of canonical variables.
As a skeleton of our formalism, we use the ideas of black hole thermodynamics [1, 2, 3] which
have been extended to Rindler space-times, where the Unruh radiation [4] corresponds to the
Hawking radiation of black holes. In the limit of stationarity, Einstein’s field equations appear
as a manifestation of the First Law applied to the null-horizon [5, 6], so that any null-surface
acquires a local, observer-dependent temperature T = κ/(2π) with surface gravity κ, and an
entropy SBHJP = A/(4L
2
p), where A is the horizon surface area and Lp is the Planck length.
This concept has recently been extended to describe multiple Rindler observers as required
for observing a horizon temperature, this yields a Boltzmann-like 3d-space entropy – we call it
m-entropy S – which is equivalent (up to signatures) to the Gibbons-Hawking-York boundary
term [7, 8] if the density of observers is proportional to the external curvature [9]. In contrast
to SBHJP , the existence of S does not require the underlying microscopic model to be in local
equilibrium, since S is not paired with a temperature. This allows for hypothetical departures
from General Relativity and opens a door to quantum behaviour on a space of reduced dimension
(2 + 1), in correspondence to the holographic principle [10].
The present article investigates departures from the vacuum geometry. These departures
are interpreted in terms of matter fields, the latter play the role of constraints. We derive some
formal properties of matter (in the context of GR, we only consider spin-0 fields) and investigate
the resulting fundamental quanta of gravity.
For the convenience of the reader, we also summarise in this article:
• the concept of m-entropy which has been formerly derived using [6],
• how the Gibbons-Hawking boundary term can be subject to the variation principle without
involving the bulk action (cf Appendix A) and
• the multiple observer description of gravity (cf Appendix B); its statistical interpretation is
summarized in Appendix C.
For the quantum properties of the m-entropy, we refer to [9], where we have sketched the
derivation of quantum uncertainties in a system with a small number of quantum bits of gravity,
as well as the derivation of some typical transition probabilities between quantum states.
2. Synopsis of the multiple observer formulation of GR
The starting point is the Gibbons-Hawking boundary term for a compact 4-volume V ; we omit
any terms free of derivatives of the metric for simplicity, and no matter term is added:
S∂1 =
c4
8πG
∑
A
εA
∫
BA
d3x
√
|γ| K. (1)
In (1), the integration is performed over the piece-wise smooth boundary ∂V =
∑
ABA of V ,
where every component BA is time- or space-like. Furthermore, K = Kabγ
ab, where γab is
the induced metric on ∂V with determinant γ, Kab is the exterior curvature on ∂V with unit
normal vector na, namely Kab = −12L⊥γab = −gcdγda∇cnb, L⊥ = Ln, and εA = nana on BA.
Equivalently, following the notation of [6], (1) can be written as
S∂1 =
c4
16πG
∫
∂V
N cab f
ab d3Σc, f
ab =
√−g gab, N cab d3Σc = εA Nab d3x, (2)
where N cab is defined as the momentum conjugate to f
ab, d3Σc is the the 3-surface element
covector and Nab = Kab−Kγab. S∂1 can be subject to the variation principle (without involving
the bulk, cf Appendix A). We divide the boundary ∂V into rectangular cuboids ∆∂V with edges
short enough for geometric variations to be negligible across ∆∂V and large enough for quantum
gravity effects to be negligible. For the portion of boundary term (1) contained within ∆∂V , it
can be shown (cf Appendix B) [9, 11]:
S∂1 ∆∂V =
c4εA
32πG
∫
∆∂V
d3x
√
|γ| γab L⊥γab
=
c4εA
32πG
N∑
k=1
∫
A(x
||
k
)
d2x˜
[√
|γ(u)||
e2||
e2u
| ∆u γab(u) Lvγ(u)ab +
√
|γ(v)||
e2||
e2v
| ∆v γab(v) Luγ(v)ab
]
=
c4εA
32πG
N∑
k=1
∑
w=u,v
∫
∆w
∫
A(x
||
k
)
d3x˜
√
|γ(w)||
e2||
e2w
| γab(w) Lvγ(w)ab (3)
=
N∑
k=1
[ ∫
Σ(u)(x
||
k
)
T˜u s du d
2x+
∫
Σ(v)(x
||
k
)
T˜v s dv d
2x
]
, (4)
where eJa is the induced triad on ∂V , γ
(w)
ab and γ
ab
(w) are the metric and inverse metric induced on
the hypersurface w = constant, respectively, w = u, v are null coordinates, x˜µ = (u, v, x2, x3),
T˜w = |
e2
||
e2w
| Tw and Tw is the horizon temperature observed on the hypersurface w = constant. If
we choose precisely ∆w = T˜−1w , the temperatures disappear together with the null distances, i.e.
S∂1 ∆∂V can be interpreted as a Boltzmann-like entropy if the spacings between the observers are
wright at the limit of the classical spatial resolution, i.e. the density of observers is proportional
to the resolvable normal change of γab. Since S∂1 ∆∂V is not time-dependent, it does not depend
on any thermalization condition, but exists beyond stationarity. Only in the case of stationarity
does S∂1 ∆∂V reduce to a sum of products of horizon entropies and temperatures. From the
point of view of the Rindler observers, the total entropy within ∆∂V is the m-entropy, i.e. the
sum of the entropies of all the null-strips contained in (4) – this is the lack of information related
to a thermodynamic measurement process which takes some time and/or distance.
As a consequence, the boundary space naturally splits into multiple layers of 2d-surfaces
(like a foliation across a given direction), and every layer consists of a collection of ordered
surface microstates |q〉 (cf Appendix C). The layer structure is similar to a computer hard disk,
where every layer stores a certain number of bits. For gravity, however, there is no a-priori
restriction about which fraction of the states is on which layer. A stationary point of S∂1 ∆∂V is
a macroscopic geometry, for which the number of microstate configurations is (locally) maximum.
Multiple observer statistical gravity is not the first development for which some kind of
analogy between the gravitational action and the notion of ”entropy” is suggested [12, 13, 14].
However, it is the first derivation of such a relation on the basis of horizon thermodynamics.
For quantum mechanics, such an analogy has been conjectured even earlier [15].
3. Quasi-stationarity condition as a matter generating mechanism
Although the stationary point of S∂1 is the geometry of vacuum (γ
vac
ab ), there is enough room for
non-vacuum metrics since the fraction of vacuum (NK , {nKi|i ≤ NK})-states is small against
the non-vacuum states. Our goal is:
(i) constrain γab to non-vacuum configurations with fixed “distance” from γ
vac
ab and
(ii) solve for a stationary point δS∂1|constr = 0 under the constraint (i) (quasi-stationarity).
Procedure: Be {ΓdIa(τ)} with ΓdIa(τ) = (evac Ia + dIa(τ))ηIJ (evac Jb + dJb (τ)) a family of distinct
curves in the neighbourhood of γvacab = e
vac I
a ηIJe
vac J
b in the space of γab with 0 ≤ τ ≤ ǫ,
ΓdIa(0) = γ
vac
ab and ΓdIa(ǫ) 6= γvacab . We impose the stationarity condition δ(S|γab=ΓdIa(ǫ)) = 0, where
dIa(ǫ) is varied, up to gauge transformations of γab leaving S invariant. To impose condition (i),
we introduce a compensation term Sm(ΓdIa(ǫ), ϕ) such that δ(S + Sm) = 0, and the independent
object ϕ ensures a fixed “distance” between γab and γ
vac
ab . We call this the “compensation
method”. We look for a general ansatz for Sm. A special case with simplified treatment is
|ΓdIa(ǫ) − γvacab |/|γvacab | ≪ 1, (5)
which we call the tenuous limit, where |γab| denotes the largest absolute component of γab.
3.1. Tenuous limit
We expand the induced metric up to the first order in the real “distance“ parameter τ :
γab(τ) ≈ ηab + ζabτ,
γab(τ) ≈ ηab − ζ¯abτ, (6)
where we define ζ¯ad = ηabζbcη
cd so that γabγbc = δ
a
c holds to first order in τ . Next, we write the
integrand σg of the boundary term (1) to lowest order in τ :
σg =
c4εA
16πG
√
|γ|γabL⊥γab ≈ − c
4εA
16πG
√
|γ|ζ¯abL⊥ζabτ2. (7)
Notice that the first order term in τ vanishes because γab(0) is a stationary point for S. Because
σg is of second order in τ , so must be the compensation term integrand σm. We reduce (7) to
σg ≈ − c
4εA
32πG
√
|γ|L⊥(ζ¯abζab)τ2. (8)
In the expression for (8), we replace −ζ¯abζabτ2 by the square of a constraining scalar function
ϕ ∼ τ to construct σm:
σm ≈ ϑ
√−g∇⊥ϕ2 = 2ϑ
√−gϕ∇⊥ϕ, (9)
where ϑ is an arbitrary constant (still to be determined). A form like (9) generates gravity-
independent dynamical degrees of freedom: a field. Choosing at least σm ∼ ∇⊥ϕ2 rather than
∼ ∇⊥ϕ is necessary in order that a non-trivial bulk Lagrangian for ϕ with boundary term Sm
and non-trivial equations of motion exists (we ignore theories without a Lagrangian). More
generally, ϕ can be allowed to be complex, σm ∼ ∇⊥ϕ∗ϕ. Notice that the objects ζ¯ab and ζab
at the stationary points of S + Sm (τ = ǫ fixed) do not depend on the choice of ǫ.
Because our starting point was the boundary term for GR, we expect that ϕ is a spin-less
matter field, namely the Klein Gordon (KG) field or a some transformation of it. To examine
this, we compute the boundary KG term SbKG from the bulk KG Lagrangian LKG or action
SKG (restricting ourselves to a real ϕ), and use Gauss’ Theoreme:
LKG = 1
2
(∂µϕ∂µϕ− m
2c2
h¯2
ϕ2),
δSKG/δϕ =
∫
V
d4x
√−g(−∇µ∇µ − m
2c2
h¯2
)ϕ+ δSbKG/δϕ, (10)
SbKG =
∫
V
d4x
√−g∇µ(ϕ∇µϕ) =
∫
∂V
d3x
√
|γ|ϕ∇⊥ϕ. (11)
We see that Sm and SbKG are of the same mathematical form, so that they compensate each
other (and the Klein Gordon Equation holds) if ϕ in (9) equals ϕ in (11) and ϑ = −12 .
3.2. Higher density
If (5) is not satisfied (higher density regime), it follows from the non-linearity of Sg that a metric
description similar to (6) would cause ζab at the stationary points (while τ is fixed) to depend
on τ in a more complex way:
γab(τ) ≈ ηab + ζab(τ),
γab(τ) ≈ ηab − ζ¯ab(τ), (12)
where ζ¯ab(ηbc + ζbc) = η
abζbc, namely, the tensorial structure of ζab itself would depend on τ as
well. Nevertheless, we can still proceed in analogy to the tenuous limit, as for (8,9).
4. Quanta of matter, quanta of gravity, Planck area and canonical ensemble
Consider a cuboid ∆∂V (on ∂V ) which is foliated across xK (K is a Minkowski index) into NK
pieces of 2d-surfaces of aria AK representing nK bits each, where NK is defined according to
Appendix C. If nq defines the number of possible states of every bit and if every microstate of
∆∂V is given by a pair (NK , nK), the m-entropy of ∆∂V is [9] (see also Appendix C)
sK = NKnK lnnq, (13)
sK =
∑
i
nKi lnnq. (14)
(K is not used as a tensorial index in (13)). (13) generalizes to (14) if we allow the number
nKi of bits on every ith surface to vary individually. Equations (13,14) describe the ordered
quantum bit structure for GR. We analyse now how (14) can be related to quantum matter in
the tenuous limit. Consider a curve ΓdIa(τ) in γab-space, made of points satisfying the stationarity
condition δ(S|γab=ΓdIa(τ)) = 0 (for τ fixed). We change sK/(ln nq) along ΓdIa(τ) by a number of bits
∆(
∑
i nKi) so that the change of γab is no less than the smallest classically observable difference.
To maintain stationarity, we modify ϕ = ϕ(τ) (by the same number of quanta as bits) via
∆(NKnK) lnnq =
dσg
dτ
∆τ = −dσm
dτ
∆τ ≈ −∂σm
∂ϕ
∆ϕ. (15)
In (15), the stationarity condition has been required to hold in physical equivalence to the
quantum mechanical commutation relations which reflect the equations of motion. Subjecting
ϕ to second quantisation, ϕ→ ϕˆ, converts (15) into an operator equation (i.e. γab is not sharp)
dσg
dτ
τˆ = −∂σm
∂ϕ
ϕˆ, τˆ =
∑
i
τi−a
†
i + τi+ai, (16)
with ai|nKi〉 = n1/2Ki |nKi−1〉, a†i |nKi〉 = (nKi+1)1/2|nKi+1〉. (15) establishes how every quantum
change of gravity yields a quantum change in matter. Conversely, h¯ fixes the fundamental
quantum constant of gravity, using (9, 11, 15) and
∫
∂V d
3x
√|γ|ϕ∇⊥ϕ = h¯c:
1
32π
∣∣∣∣
∫
∂V
d3x
√
|γ|L⊥(ζ¯abζab)∆(τ2)
∣∣∣∣ = h¯Gc3 = L
2
p, (17)
which relates the quantum of “integrated surface gravity” to the Planck area. Notice that L2p is
not just an ad-hoc scale of breakdown of GR, but fixes the elementary quantum constant.
Equation (17) simplifies further if we consider the example of a scalar particle in the form
of a monochromatic planar wave function with wave covector kµ = (k0, k⊥, 0, 0). The non-zero
elements of (ζabτ) also yield a monochromatic plane wave function. If we choose V to be a
hypercuboid with edges parallel to the coordinate axes and the two space-like hypersurfaces
Σ± separated by π/k0 (half a period) and the time-like hypersurfaces Π± perpendicular to
(0, k⊥, 0, 0) very near to each other (distance ≪ π/k⊥), we obtain
|ζ¯abζab|max∆(τ2) = 16π
L2p
|Σ+|k0 , (18)
where |Σ+| is the 3-volume of Σ+, since only Σ± contribute significantly.
Finally, a cuboid ∆∂V can be considered to be immersed in a “bath” of matter field (ϕ). It
can therefore be described quantum mechanically as a canonical ensemble. The ensemble average
entropy sN of all possible multiple observer states of ∆∂V , with bit-number eigenstates |nlKi〉,
density matrix ρˆ and matter compensation term sm(∆∂V, ϕ), is the von Neumann entropy:
sN = tr (ρˆ ln ρˆ), (19)
ρlm = |nlKi〉 exp [sK(nlKi) + sm]∑
k exp [sK(nkKi) + sm]
[∏
j
δnlKjnmKj
]
〈nmKi| (i ≥ 1). (20)
5. Conclusions
By constraining the Gibbons-Hawking-York boundary term to lowest physically nontrivial
order (quadratic) in the constraint “parameter” ϕ while taking the first derivative over to the
constraint term, we have obtained the emergence of a spin-less matter field (which is compatible
with the torsionlesness of GR), at least in the tenuous limit. This fact suggests a profound
relation between gravity and matter. Constraining the boundary term (and not the bulk action)
is largely motivated by the multiple observer statistical interpretation of GR. We infer that
quantum matter might be intimately related to the quantum structure of gravity as well, so
that the full quantum mechanical treatment can be transferred from quantum matter to the
gravitational field. Under this condition, the fundamental area of one bit of “integrated surface
gravity” has been found to be 32π times the Planck area. If we take this computation literally,
that would mean that the quantisation of gravity has indirectly already been quantified since h¯
has been determined. Finally, von Neumann’s quantum canonical ensemble statistics straight-
forwardly extends to the “matter bath” description of quantum gravity. Since our approach
does not rely on the quantisation prescription of an a priori model of canonically conjugated
variables, but instead on the concept of “gravity constrained by matter” with a generalised
statistical mechanical background, the applicability of our investigations might be quite general.
Appendix A. The boundary term and the variation principle
For a compact 4d-region V with boundary ∂V , consider the Hilbert-Einstein action SH and the
Gibbons-Hawking-York boundary term S∂1, with the symbols defined as in Section 2,
SH =
c4
16πG
∫
V
d4x
√−g R, (A.1)
S∂1 =
c4
8πG
∑
A
εA
∫
BA
d3x
√
|γ| K, (A.2)
ignoring terms which do not depend on derivatives of the metric. In order for the variation
principle to correctly yield Einstein’s Equations [7, 8], we either need to fix Nab = Kab −Kγab
while varying SH or to fix γab while varying SH + S∂1. We also can vary the difference S∂1
separately, with respect to both γab and Nab on ∂V (but neither gαβ nor the bulk is involved),
δS∂1 = 0, (A.3)
i.e. the Gibbons-Hawking-York term is subject to the variational principle.
Appendix B. Multiple horizon thermodynamics
Following [10], we consider a 2+1-dimensional microscopic concept, namely on the non-null
boundary ∂V of a compact space-time region V . We restrict ourselves to the gauge g⊥k 6=⊥ (⊥
is the component normal to ∂V ). The boundary term S∂1 (A.2) can also be written as [6]
S∂1 =
c4
16πG
∫
∂V
N cab f
ab d3Σc, f
ab =
√−g gab, N cab d3Σc = εA Nab d3x, (B.1)
where N cab is the momentum conjugate to f
ab and d3Σc is the 3-surface element covector. We
divide ∂V into rectangular cuboids ∆∂V ⊂ BA ⊂ ∂V with edge length Le for each edge e so
that Lp ≪ Le and Le is smaller than the typical variation scale of γab and Kab. S∂1 then reads:
S∂1 =
∑
∆∂V⊂∂V
S∂1 ∆∂V =
c4
32πG
∑
∆∂V⊂∂V
εA
∫
∆∂V
d3x
√
|γ| γab L⊥γab. (B.2)
We diagonalise γab via an orthogonal transformation which is constant across ∆∂V , and we
rewrite γab with induced triads e
I
(a). We then replace (x
a) = (x⊥, x||, x3, x4), where x|| is tangent
to ∂V , by null coordinates (x˜a) = (x˜1 = u, x˜2 = v, x3, x4). We split the integration range in (B.2)
into an interval I = [x||−, x||+] and a piece of 2-surface A(x||). The integral over I can be written
as a sum over N = (x
||
+−x||−)/∆x|| strips, with strip width ∆x|| and locations x||k = x||−+ k∆x||,
where ∆x|| spatially resolves L⊥γab. It can be shown [9] that (B.2) is equal to
S∂1 ∆∂V =
c4εA
16πG
N∑
k=1
∫
A(x
||
k
)
d2x
√
|γ| ∆x|| σ, (B.3)
∆x|| σ = ∆u e
(a)u
I LveI(a)u +∆v e
(a)v
I LueI(a)v , (B.4)
where A(x
||
k) is the intersection of ∆∂V with the (x
3, x4)-surface at x|| = x
||
k, e
I
(a)w
are the triads
induced on the hypersurface w = constant with w = u, v. Diagonalising in turn eI(a)w and
changing back to metric notation yields
S∂1 ∆∂V =
c4εA
32πG
N∑
k=1
∫
A(x
||
k
)
d2x˜
[√
|γ(u)||
e2||
e2u
| ∆u γab(u) Lvγ(u)ab +
√
|γ(v)||
e2||
e2v
| ∆v γab(v) Luγ(v)ab
]
=
c4εA
32πG
N∑
k=1
[ ∫
∆u
∫
A(x
||
k
)
d3x˜
√
|γ(u)||
e2||
e2u
| γab(u) Lvγ(u)ab
+
∫
∆v
∫
A(x
||
k
)
d3x˜
√
|γ(v)||
e2||
e2v
| γab(v) Luγ(v)ab
]
, (B.5)
where γ
(w)
ab and γ
ab
(w) are the metric and inverse metric induced on the hypersurface w = constant,
respectively. Equation (B.5) expresses S∂1 ∆∂V with respect to multiple null surfaces (layers)
which can be interpreted using horizon thermodynamics [5, 6] on null hypersurfaces Σ, via [11]
c4
16πG
∫
Σ
N cab f
ab d3Σc =
∫
Σ
T s dλ d2x, (B.6)
where s is the surface density of the entropy SBHJP and T the temperature perceived by the
Rindler observer on the horizon with parameter λ = u¯ or v¯. Therefore, (B.5) can be written as
S∂1 ∆∂V =
1
2
N∑
k=1
[ ∫
Σ(u)(x
||
k
)
T˜u s du d
2x+
∫
Σ(v)(x
||
k
)
T˜v s dv d
2x
]
=
1
2
N∑
k=1
∫
A(x
||
k
)
[Tu s ∆u+ Tv s ∆v] d
2x, (B.7)
where T˜w = |
e2
||
e2w
| Tw and w = u, v. The multiple observer interpretation of (B.7) in terms
of hidden information has been discussed in [9], and this justifies that S∂1 ∆∂V be denoted as
multiple observer entropy or m-entropy, in contrast to the single observer entropy SBHJP .
Appendix C. Statistical gravity
Because of the thermodynamic property of the boundary space, the quantum bits of the multiple
layers can be interpreted as the building blocks of a statistical theory as follows. The cuboid
∆∂V is foliated across the direction defined by an arbitrary Minkowski index vector xK into
NK pieces of 2d-surfaces of aria AK restricted on ∆∂V . The number NK is given by the best
resolution achievable classically. AK represents nK quantum bits with nq ≥ 2 different possible
states |q〉 each, so that ∆∂V counts
ΩK(∆∂V ) = (nq
nK )NK = exp (sK) (C.1)
microscopic states and the m-entropy per volume ∆∂V (sK) and m-entropy (S) are
sK = NKnK lnnq, S =
∑
∆∂Vm⊂∂V
sKm∆∂Vm, (C.2)
while γab is obtained via AK ≈ 4L2pnK and γabL⊥γab ≈ sK . Further relations and a more
detailed description can be found in [9]. As a generalisation, the microstates are described by
states labeled s
(i)
(j) for every ith out of nKj quantum bits on every jth out of NK layers:
|(s(1)(1), s
(2)
(1), . . . , s
(nK1)
(1) ); (s
(1)
(2), . . . , s
(nK2)
(2) ); . . . ; (s
(1)
(NK)
, . . . , s
(nKNK )
(NK)
)〉. (C.3)
A classical geometry corresponds to the macroscopic state with the highest probability. More
precisely, if we divide the space of γab into small cells of equal size defined by a range ∆γab,
the classical solution of GR lies in the cell which contains the largest number of microstates, or
equivalently, at the stationary point of the boundary term.
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